The formulation and solution of an optimization problem for the design of a current controlled switching power amplifier to drive a piezoelectric actuator is the subject of this paper. The design is formulated as a continuous optimization problem. A detailed model that includes the anhysteretic nonlinearity between the electric field and polarization is developed and is coupled with a dynamic model of the amplifier. The design specifications are formulated as optimization constraints. The objective function is chosen to be the weight of the inductor. Optimization results are presented to demonstrate the efficiency of the proposed design methodology. 
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INTRODUCTION
The design of drive amplifiers for piezoelectric and electrostrictive actuators is a challenging task. It is well known that these actuators exhibit highly capacitive electrical characteristics. In addition, these actuators exhibit a hysteretic nonlinearity between the polarization and the electric field. Due to the reactive undamped electrical characteristics of the actuator, the drive amplifier is required to process almost zero real power and a considerable amount of reactive power circulates between the actuator and the amplifier.
The size and the weight of the amplifier is determined almost entirely by the amount of reactive power processed. Hence, the amplifier can be large compared to the actuator itself. Therefore, there is interest in determining a minimum weight amplifier for a given actuator. We address this problem herein.
Standard linear amplifiers must dissipate the regenerated energy as heat. These amplifiers automatically require a large heat sink. In contrast, switching amplifiers recycle the regenerative energy back to the power source, resulting in a very efficient amplifier. Because of this property, switching power amplifiers are beginning to be recognized as promising alternatives for driving piezoelectric and electrostrictive actuators (Main, et al., 1995; Zvonar, et al., 1996 ; Zvonar and Lindner, 1997; Clingman, 1997; Zvonar and Lindner, 1998) . In this paper, we focus on an optimization methodology to minimize the weight of a switching amplifier.
Optimization of drive electronics for piezoelectric actuators was addressed by Newton, et al (1996) . However, a well-defined optimization procedure that yields physically meaningful designs of the individual components of the amplifier has not been proposed. To this end, the formulation of an optimization problem for the design of a switching power amplifier to drive a piezoelectric actuator is described. The topology chosen is that of a single-phase DC-AC inverter with a filter inductor connected on the AC side. The switching devices in the amplifier are controlled using the principle of pulse width modulation.
The organization of the paper is as follows: A description of the system under consideration, definition of the design specifications and motivation to optimize the drive amplifier are presented in section 2. A detailed electromechanical model of the piezoelectric actuator coupled to a mechanical structure is developed in section 3. The operating principles of the drive amplifier, pulse width modulation, the development of the average model and implications of using current control are also described in section 3. The determination of the DC bus voltage for the drive amplifier is described in section 4. The estimation of the switching ripple in the actuator current is discussed in section 5.
The optimization problem is then explained in detail in section 6. Section 7 consists of the optimization results followed by the conclusions in section 8.
PROBLEM DEFINITION
In this paper we consider a switching amplifier driving a piezoelectric actuator attached to a structure as shown in Figure 1 . We assume that the piezoelectric actuator and structure are given. In this paper we are interested in the design of the amplifier such that it has minimum weight.
We assume that the amplifier is configured as a current controlled amplifier. That is, the actuator is controlled by controlling the current flowing into the actuator that is proportional to i ref . Note that we exclude zero frequency from the passband in this amplifier topology.
Clearly, this specification defines the frequency band over which the structure can be actuated. This data is part of the problem definition including the frequencies ω min and ω max , which define the bandwidth of operation.
We also assume that we want to have the capability to drive the actuator to full stroke over the entire operational frequency range. Since the constitutive equations of the piezoelectric material have a saturation characteristic, this assumption implies that the amplifier must be able to deliver a maximum current over all frequencies in the bandwidth of the amplifier. This maximum current will be calculated below using a nonlinear model of the piezoelectric constitutive equations. This maximum current determines the required value of the bus DC voltage.
The main components of the amplifier are: 1) the switching power transistors with the pulse width modulator, 2) the current controller, and 3) the inductor. The selection of the power transistors is driven by several implementation issues including voltage ratings, thermal dissipation, cost, etc. However, these transistors all tend to be about the same size and weight. Since we are primarily concerned with the performance of the amplifier, we will assume that these switches are ideal, and neglect them in the optimization process.
The current controller is largely driven by the frequency domain requirement on the amplifier given in Figure 2 . That is to say, the current controller can be readily determined once the value of the inductance is known. Furthermore, the components of the current controller have a negligible contribution to the weight of the amplifier.
Therefore, the current controller is also excluded from the optimization.
In this paper we will focus on the design of the inductor. Indeed, the inductor is by far the largest component over which we have control, and its value is impacted by the other parameters of the amplifier. Here we will consider the actual physical design of the inductor, not only the selection of the inductance value.
The power transistor switches are used to control the average voltage and current that is delivered to the actuator. Due to the switching of these transistors, a ripple voltage and a ripple current ride on top of these average waveforms. This ripple current acts as a disturbance signal on the actuator causing high frequency excitation and unwanted heating in the actuator. The magnitude of the ripple current is determined by the inductor size and the switching frequency of the amplifier. In the optimization process the maximum allowable ripple current is a constraint.
The other component which has a major impact on the weight of the amplifier is the heat sink. The selection of the heat sink depends on the device properties of the transistor switches. Inclusion of thermal considerations is beyond the scope of this paper.
The formulation of the optimization problem consists of the following steps: Each of these steps is described in detail in the following sections.
It is straightforward to formulate the optimization problem. The main challenge is determination of the current ripple. The current ripple can be ascertained from a simulation of the system in Figure 1 , which includes the switching dynamics of the transistors. These simulations, however, are computationally very expensive. Any optimization methodology that includes such a simulation would take prohibitively long to run. Therefore, it is necessary to develop a computationally cheap estimate of the switching ripple. A substantial amount of this paper is devoted to this task.
MODEL DEVELOPMENT

Modeling of the Actuator and Structure
The electromechanical model of the piezoelectric actuator coupled to a simple The mechanical model of the actuator-structure is represented by a simple massspring-damper system acted on by a disturbance force f ext as shown in Figure 3 . 
A block diagram representation of Equation (1) is shown in Figure 5 .
The electromechanical model of the actuator is determined in the following. We assume that the actuator has a multilayered stack configuration as shown in Figure 6 . Using the geometry of the actuator, we can use Equation (2) to express the relationship between charge and voltage. We assume that the actuator is mechanically unconstrained in the one and two directions. And as usual, the electric field is applied in the three direction. Noting that charge is displacement per unit area, and electric field is voltage per unit length, the charge q l entering each layer can be obtained as
Rewriting this equation we obtain 3 33 33 33
where, C l represents the capacitance of each layer and v a is the voltage across the terminals of the actuator. The total charge entering all the n layers of the actuator is then given by
Solving Equation (3) for the voltage v a we obtain 3 33 33 3 33
where,
From Equation (6) the voltage across a piezoelectric actuator is the resultant of two components: 1) the direct capacitive effect, and 2) a contribution from the mechanical stress. Next we replace electric field by the voltage in the second equation in Equation (2) and substitute in voltage from Equation (6) . We obtain 
This constant is defined as the fraction of the input electrical energy that is mechanically deliverable.
To enter these equations into the block diagram, we rewrite Equation (8) 
The block diagram corresponding to these relationships is shown in Figure 7 . The displacement in the structure induces a strain in the actuator according to
Similarly, the force applied to the structure by the actuator is derived from the stress in the actuator according to 
Figure 7. Electromechanical model of piezoelectric actuator
The constants K 1 and K 2 depend on the coupling between the actuator and the structure.
They are determined by the location of the actuator, configuration of the actuator, bonding layers, modal coupling coefficients of the structure, and other factors. In general, these constants can be determined using the methods presented by Hagood, et al., (1990) , for example. If we interpret the physical system represented by Figure 1 to be a stacked actuator ( Figure 6 ) bonded rigidly to a mass, then the constants K 1 and K 2 are given by
Equations (11) and (12) allow us to couple the actuator equations in Figure 7 to the dynamics of the structure in Figure 5 . The complete model is shown in Figure 8 . (2)). The modifications in the model to account for the anhysteretic nonlinearity between the polarization and the electric field are described in the following section.
Anhysteretic Nonlinearity
In the absence of interdomain coupling, the anhysteretic nonlinearity according to the Ising spin model between the polarization P, and the electric field E 3 , in the actuator is given by Smith and Hom (1999) .
where, P s is the saturation polarization of the material of the actuator and a is a scaling electric field. However, in the block diagram shown in Figure 8 electric field in the actuator is determined from the polarization. Hence, inverting the nonlinearity given by Equation (14) to conform to the block diagram shown in Figure 8 , the electric field is determined as
This nonlinearity is shown graphically in Figure 9 . The block diagram of the electromechanical model of the actuator and the structure with the nonlinearity is shown in Figure 10 . Figure 10 . Electromechanical model of actuator-structure with nonlinearity Under the assumption that the polarization P, does not exceed the saturation polarization P s a power series expansion can be used to represent the nonlinearity given by Equation (15). This power series expansion for the electric field is given by In the following analysis we will frequently use sinusoidal steady state analysis.
It is clear from Figure 11 that if the input signal to the nonlinearity is a sinusoid, the output signal will not be purely sinusoidal, but will contain third and fifth harmonics in addition to the fundamental component due to the nonlinearity. Since the actuator current and the polarization are related by a linear transfer function, the polarization is sinusoidal at the same frequency as the actuator current. Hence, if the actuator current is given by ( ) ( )
the polarization can be represented as
The voltage v a , at the terminals of the actuator, from Figure 11 , is then given by The duty cycle of the gating signal is the fraction of the period for which the gating signal is high. The average value of the amplifier output can be obtained from Equation (22) A typical waveform of this actuator current i a is shown in Figure 15 where it is assumed that the reference input signal is sinusoidal. It can be seen that the actuator current is nearly sinusoidal at the reference frequency. The deviation of the actual current from the desired fundamental component is called the switching ripple. Figure 17 . Figure 18 .
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Figure 18. Block diagram of amplifier and actuator with current controller
The current controller ensures that the fundamental component of the actuator current follows the reference over the regulation bandwidth of the amplifier. In the analysis that follows, it is assumed that fundamental component of the actuator current is identical to the reference current command.
This controller uses the current into the actuator as feedback to create an error signal with a reference input signal. The duty cycle command is then synthesized from the error signal. The design of the current controller depends on the inductance L, the capacitance of the actuator, DC input voltage V dc and the switching frequency f s . The dynamics of the structure can usually be ignored. In this case, the plant to be controlled reduces to a simple second order system. It is a straightforward exercise to design the current controller which turns out to be a proportional or PI controller. In most cases, the current controller can be implemented with analog operational amplifier circuits, whose weight is negligible compared to the weight of the overall system. Furthermore, the weight of the current controller is independent of the control gains. Therefore, the design of the current controller is excluded from the optimization formulation.
DETERMINATION OF DC BUS VOLTAGE
One of the requirements of the amplifier is to drive the actuator to full stroke over the bandwidth of the system. This requirement implies that the amplifier must produce enough current to saturate the piezoelectric actuator when the duty cycle of the amplifier is at its maximum value. This current requirement, in turn, places a restriction on the minimum bus voltage V dc . The minimum bus voltage is related to the inductance, so we 
Substituting for i a (t) from Equation (25) and for v a (t) from Equation (28), we obtain
It can be seen from Equation (29) According to Equation (23), the duty cycle d ab (t) can be written as
The minimum DC bus voltage required is then determined such that the duty cycle given by Equation (31) 
ESTIMATION OF ACTUATOR CURRENT
The next step in the analysis is to determine the current ripple. Specifications on the harmonic content of the actuator current are used as optimization constraints to determine the values of inductance and switching frequency. This analysis is complicated by the nonlinear constitutive equations of the actuator. One approach for determining the current ripple is to directly simulate the nonlinear system. This method is computationally too expensive for optimization, however. Therefore, we will estimate the size of the current ripple by computing the amplitudes of the components of the Fourier series of the actuator current.
The switching of the power transistors causes the voltage v ab in Figure 14 to be a pulse width modulated square wave. We determine a Fourier decomposition of the voltage v ab given by,
A typical harmonic spectrum of the amplifier output voltage is shown in Figure 21 . The first, third and the fifth harmonics of the voltage v ab , are given by Equation (30).
Since the actuator current has no third and fifth harmonics, the third and fifth harmonic components of amplifier output voltage are identical to those of the actuator voltage v a and do not contribute to the ripple in the actuator current. The distortion in the actuator current is due to the voltage harmonics whose frequencies are in the switching frequency range.
The Fourier decomposition of the actuator current can be expressed as
It is assumed that the fundamental component of the actuator current i a is identical to i ref .
The polarization and actuator voltage can also be expressed in a similar fashion as ( )
The harmonic components of v a for k=1,3 and 5 are given by Equation (28). We use complex phasor notation of sinusoidal steady state variables to determine the Fourier components of the actuator current. Rewriting Equation (29) in complex phasor notation we obtain
The amplitudes I ak , of the actuator current are then obtained from Equation ( Since the switching frequency has to be significantly higher than ω max , it can be seen from Figure 23 , that harmonics of the current in the switching frequency range are sufficiently attenuated by the transfer function G pi (s). Hence, it can be assumed that the harmonic components at the switching frequency range of the polarization are equal to zero. In addition, due to the static nonlinearity between the polarization and the electric field, the actuator voltage can also be assumed to be devoid of any components in the switching frequency range. As a result, we have 6 for 0
Hence, Equation (37) reduces to
FORMULATION OF OPTIMIZATION PROBLEM Introduction
We are now ready to establish the optimization methodology using the calculations in the previous sections. We will proceed by identifying the design variables, setting up the constraints, and defining the objective function.
Design Variables
The design variables for the optimization problem are the variables associated with the design of the inductor. The inductor design includes the physical design of the inductor's components, not just the selection of the value of the inductance. The inductors are assumed to be typical EE cores as shown in Figure 24 . The quantities K 1l and K 2l shown in Figure 24 are assumed to be fixed and represent the aspect ratios of the center leg and the window, respectively (Ridley, et al., 1990 ). The design variables are listed in Table 1 . The design variables include parameters related to the windings and wire size. The inductance as a function of the physical variables is given by
Constraints
The optimization constraints are subdivided into performance and physical constraints as explained in the following subsections.
Performance Constraints Total Harmonic Distortion of Actuator Current
The first performance constraint is the maximum allowable current ripple.
Because the current ripple is a nonlinear function, we express the actuator current as a Fourier series Equation (34), and then measure the current ripple as total harmonic distortion. The THD is the percentage ratio of the distortion component of the actuator current to its fundamental component (Mohan, et al., 1995) . It is defined as 
The THD of the amplifier used at full capacity can be expressed as This duty cycle is then modulated with the triangular carrier at the switching frequency as shown in Figure 13 to generate the pulse width modulated output voltage v ab as shown in Figure 14 . The Fourier components V abk , of the pulse width modulated voltage v ab are then determined. Finally, the Fourier series components of the actuator current are determined from Equation (39) where the inductance is determined from Equation (40).
The THD of the actuator current is then determined from Equation (43).
Physical Constraints
Physical constraints are defined to guarantee physically meaningful dimensions for the core and windings used in the inductor (Figure 24 ). They are defined as follows:
• The widths of the center leg C w , and of the window W w are not allowed to be less that 1 mm to ensure sufficient mechanical strength of the core.
• In order to ensure sufficient mechanical strength for the winding, the copper wire used cannot be greater than 30AWG, which is equivalent to a cross-sectional area of 7.29 x 10 -8 m 2 .
• The number of turns in the inductor cannot be less than one and must be an integer.
• The current density in the windings of the inductor cannot be greater than maximum allowable current density for copper. 
• The available window area of the EE core must be large enough to accommodate the windings of the inductor and the bobbin, which houses the windings ( Figure   22 ). 
Objective Function
The objective function J, is the weight of the inductor. That is,
The weight of an inductor is determined as the sum of the weights of iron and copper used in the core and windings, respectively 
OPTIMIZATION RESULTS
The results of the optimization problem are presented in this section. The bandwidth requirements and relevant specifications of the actuator are given below in Table 2 . Optimization was performed using the VisualDOC optimization software (Vanderplaats, 1988) The weight of an inductor is proportional to the energy stored, which in turn is proportional to inductance value and to the square of the peak inductor current. Since the peak current is approximately constant (determined by the maximum polarization), the weight of the inductance varies almost linearly with inductance.
CONCLUSIONS
In this paper we discuss the problem of designing a minimum weight, current controlled switching amplifier for a piezoelectric actuator. These results are partial in that the design of the heat sink is ignored. With this assumption the design of the amplifier reduces to the design of the inductor. Indeed, the inductor is the largest single component of the amplifier. An optimization methodology is formulated that takes into account the physical configuration of the inductor, the bandwidth of the amplifier, the effect of the ripple current and switching frequency on the sizing of the inductor. The optimization results demonstrate that the proposed optimization formulation provides an effective method to obtain physically meaningful results in a time efficient manner.
